Relativistic Momentum 






I have always had trouble dealing with momentum in Special Relativity. I have yet to find a theoretical derivation for it that is sufficiently rigorous and yet relatively easy to understand. Most textbooks simply say that the derivation is beyond the scope of the book and then present the formula - p = mv. I’m especially uncomfortable with this approach in relativity where the consequences are so counterintuitive. We want our students to be sceptical of wild claims and we aren’t doing this properly if we resort to “It must be true because Einstein said so.”

The outreach department of TRIUMF - home of the world’s largest cyclotron - have produced a DVD “Approaching the Speed of Light” with accompanying materials, that will allow your students to derive the formula for relativistic momentum on experimental grounds. 
The DVD is not a slick flashy production. Instead, it feels as if you have gone on a field trip to the TRIUMF facilities. Two physicists show you around the huge bending magnets and beam line. Simple animations help the students visualize how the bending magnets are used to select particles with specific momenta and how the speed of these particles is measured. 

After 15 minutes you should stop the DVD and have the students analyse the data provided. This data consists of a dozen histograms. Each one shows the different arrival times of electrons, muons and pions with a set momentum. The students use these graphs to calculate the speeds of the particles. 
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Next, the students plot momentum against speed. If momentum is equal to mass times velocity, then the graph should yield a straight line. It clearly doesn’t. I like to challenge the students to find out what the relationship is by trying to linearize the graph. They plot momentum against v2 and then v3 and then v4 etc., but no power of velocity works. This exercise is not tedious as long as the students use graphing calculators or a spreadsheet program. Sometimes one group figures it out on their own but usually I need to give them a hint by asking them how time and space are altered in relativity. They then plot momentum against v and voila! a straight line. They have shown that momentum is proportional to v and the last thing they do is find the slope of the straight line which turns out to be the mass of the particle, so p = mv.

The following is different from their worksheet but suited my purposes better.

1) Use the histograms to get times and then use Excel to calculate the speeds of the muons and pions. Graph p (vertical) vs. v for both particles.

a) Sketch the graph of the two curves. 

b) Does p = mv at high speeds? Explain.

No. P vs. v is not a straight line with slope m
2) Guess what you need to graph P against to get a straight line. Test this. 

a) What is the value of the slopes of your two straight-line graphs?  
Should be close to 106 and 135 MeV/c2
b) What is the physical meaning of the slopes? Mass of the particles
c) Calculate the % difference of your slopes and the accepted values.

d) What do you think the major source of error was in your work?

It was difficult to get the time because the graph was a histogram with divisions of 0.1 ns and peak widths of 3 ns. Therefore when times of 15 ns are being measured they may be +/- 10%. You can see the effect most strongly with the pions because their histograms are shorter and the tops are very rounded. Its graph has an R2 value of 0.96 instead of 0.99.

3) What is the relativistic formula for momentum? P = m v
4) Why didn’t we analyse the data for the electron? The change in time and therefore speed was too small to be measured in this experiment.

5) The muons have a half-life is 1.5 x 10-6 s and decay into electrons and positrons. How far should 160 MeV/c muons travel before half of them decay?

a) non-relativistically? 
v = 4.4/17.7 = .249 Gm/s, d = vt = 375 m
b) relativistically? 
Gamma = 1.78, d = 675 m
6) If the radius of path for the 62 MeV/c particles is 0.34 m, what field strength were they using? B = p/qr = 62 /0.34 x 300 = 0.61 T
7) What is the formula for the relativistic energy of an object? (E = mc2). What is the energy in MeV of a 160 MeV/c 

a) Electron, m = 0.511 MeV/c2, 

t = 14.8 ns, v = 0.991 c, = 7.47, E = 7.47 x 0.511 MeV/ c2 = 3.8 MeV/ c2

b) Muon, m = 106 MeV/c2, 
t = 17.6 ns, v = 0.833 c, = 1.81, E = 1.81 x 106 MeV/ c2 = 19(2) MeV/ c2 

c) Pion, m = 135 MeV/c2 

t = 19.9 ns, v = 0.737 c, = 1.48, E = 1.48 x 135 MeV/ c2 = 20(0) MeV/ c2

8) Why is it harder to raise electrons rather than protons to a specific high energy?

The energy of a particle is due to its rest mass and kinetic energy. The proton has ~ 2000 times the rest mass of an electron. As you can see in the previous question, the electron has to go faster and with a much higher gamma just to have equal momenta with the mesons. Even with this higher speed, its energy is much less than the mesons.

