The Orbital Method and Galaxies
One question about dark matter, which has come up a lot is why the orbital method yields the mass inside the orbit and says nothing about the mass outside. 

The answer is not due to the strange properties of dark matter. The problem arises any time we use Newton’s law of universal gravitation, F = GM1 M2/r2, and the masses are not point masses. Now, there are no point masses - except possibly black holes - but many masses have negligible radii. For example, for planets orbiting the sun, the radii of the planets and sun are much smaller than the radii of the orbits. The smallest ratio is that of the sun’s radius compared to Mercury’s orbit and even this is 1:100. For Pluto, the ratio is 1:10,000.  Fortunately, spherically symmetric masses can act as if all the mass was concentrated at the centre. A proof of this requires integral calculus, but a conceptual appreciation of the situation is possible. The following questions are designed to explore this concept.
The Mass Inside an Orbit

1) The mass of the Earth is 5.98 x 1024 kg. The radius is 6.38 x 106 m. The universal gravitational constant is 6.67 x 10-11 Nm2/kg2. To the nearest power of ten, GME/rE2 equals

a) 10 N/kg 
b) 100 N/kg

c) 1000 N/kg

d) 10,000 N/kg

Answer: a) 10 N/kg

2) What is the significance of the answer to the question above?

Answer: This is the gravitational field strength at the Earth’s surface. In order to calculate the value, you treated the Earth as if the entire mass was at the centre. It seems to work.

3) If the mass of the Earth was kept constant but its radius was reduced to one tenth of its present value, what would happen to satellites orbiting the Earth?

a) they would spiral in 


b) they would spiral out

b) c)   they would orbit faster

d) they would orbit slower
e) nothing

Answer: e) Nothing would change. The force of gravity depends on how far apart the two masses are. Some parts of the Earth are really close and others are really far, but the first question showed that they act as if all the mass is at the centre. The distance to the centre hasn’t changed.

4) A satellite is orbiting just above the Earth’s surface. Ignore the effects due to air resistance. To the nearest power of ten, how fast must it be moving?

a) 10 m/s

b) 100 m/s

c) 1000 m/s 

d) 10,000 m/s

Answer: d) 10,000 m/s. To find the answer, you can set the force of gravity equal to m v2/r and solve for v. Better yet, realize that you are at the Earth’s surface and already know the acceleration so g = v2/r.

5) The Earth is not a point mass. Why does gravity act like it is?

i) Some parts are to the west and some are to the east of you etc. Draw a diagram to convince your partner that the pull of the Earth should be toward the centre of the Earth.

 
Answer: A symmetry argument would be more satisfying to some people. The surface is symmetric with respect to all directions except toward or away from the centre.

ii) Some parts of the Earth are very close to you and some parts are very far away. There is some radius between 0 and 12.76 x 106 m that is like a sort of ‘average’ radius, which will give the right value when you calculate the gravitational force on an object. What radius is this? 

Answer: As we saw in the first question, it is the radius of the Earth.

iii) This radius will not work for all spherical objects. Draw an example that won’t work.


Answer: A spherical object with non-uniform density would have a different value. Imagine a planet made of Styrofoam with a large lead concentration on one side. The value for r would be closer to the distance to the centre of the lead. However, the density doesn’t have to be uniform, just spherically symmetric. If the planet were made of Styrofoam with a spherical lead core, the value for r would be the same.

The Mass Outside an Orbit

6) What is the gravitational field strength at the Earth’s centre?

a) 9.8 N/kg
b) infinite
c) zero

d) something else

Answer: c) zero. It must be zero by symmetry arguments.

7) Suppose you are in a very deep hole, halfway toward the Earth’s centre. Consider the two dark regions. One pulls to the left and one toward the right. Which will pull harder? 

a) left

b) right 
c) they pull equally
d) more information needed. 


Answer: The pull to the right could be stronger because there is more mass there. However, the pull to the left could be stronger because it is closer. Or, the pulls could balance each other because the two effects cancel. It turns out that for a spherically symmetric object, the pull equally. This can be proven using integral calculus. (We know that the force of gravity from the inner sphere is the same as if all the mass in that inner sphere was concentrated at the centre so we don’t worry about it.)

8) What will be the gravitational field strength halfway towards the Earth’s centre?

a) 4.9 N/kg
b) 2.4 N/kg 
c) 0 N/kg

Answer: a) 4.9 N/kg. The only mass that matters is the mass inside the sphere. This sphere’s radius is ½ that of the whole Earth so the mass is eight times smaller, and the force will be eight times smaller. However, the distance to the centre is ½ and this means the force will be four times larger. Put the two together and the force is ½ what it is on the surface.
The Orbital Method

9) When measuring mass with the orbital method, the formula used in the video was M = v2 r/G. The mass you get is the mass contained within the orbit at a radius of r. It does not measure the mass outside that radius because the mass outside the orbit

a) is negligible compared to the mass inside the orbit

b) is small and has negligible effect on the orbital speed

c) is too hard to calculate without using calculus

d) has negligible effect on the orbital speed

Answer: d) has negligible effect on the orbital speed. If the mass is spherically symmetric, it will have no effect. Visible matter in spiral galaxies is concentrated in a disk. Dark matter seems to be spherically distributed. Its density is not uniform, but drops off as 1/r2; similar to the way the density of our atmosphere drops off.

10) Using the orbital method to calculate the mass of the sun is easier to understand than that for a galaxy because

a) the solar system has less mass than a galaxy

b) sun and planets are very similar to point masses

c) solar system contains very little dark mat

Answer: b) is very close to a point mass. The masses of the planets are negligible compared to the sun and the sun’s radius is negligible compared to the orbital radii.

11) It seems that the dark matter halo of a galaxy extends far beyond the visible part of it. How can the orbital method show this? 

a) There is H gas orbiting beyond the stars. Its radiation can be detected

b) There are often dwarf galaxies orbiting the main one.

c) Most galaxies are in clusters that would fly apart without this extra dark matter.

d) All of the above.

Answer: d) All of the above.

